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Objectives 

 

1. Understand the importance of good 

 experimental design 

2. Introduce maximum likelihood 
estimation 



Experimental design 

Can we choose the experimental conditions 
to facilitate the task of estimating the parameters 
of the model? 
 
YES – depends on the number of data points and  
their distribution 



Consequences of poor design 

(i) The data may not cover an adequate range  
 to allow prediction 

y 

x 



A pharmacokinetic example 

Cannot estimate absorption parameters 



(ii) Serially correlated errors  
 eg cumulative excretion data 
 
(iii) Nonsense correlation 
 
 eg On administering a drug that displaces 
 another from protein binding sites both 
 CL and V ↑ 
   CL ɑ V 
 NO!  fu determines both CL and V 
 
 
Optimal design require some knowledge of the 
model and parameters 
 



Simultaneous fitting 
 
1. Suitable if data sets have parameters in common 
 eg IV and oral data 
      dose ranging study 
 
2. Can lead to poor fits due to intrasubject variation 

 
3. If the mechanistic connection between the models  
 is incorrect then one data set may adversely affect 
 the other 
  Fix one set of parameters? eg PKPD 
 
4. The variance in the data sets may not be the same 

 eg plasma and urine data 
 use different variance models for different data 



Simulation 
 
(i) Aid to design – preliminary study 
 of possible experimental designs 
 
(ii) Looking at time profiles and the way  
 they change with various changes in 
 parameters 
 
(ii) Teaching and training 



Maximum Likelihood Estimation 

Normal (Gaussian) distribution 



Likelihood 
 
For n  observations 

𝑳𝑳 𝒀𝒀 θ = �𝒇𝒇(𝒀𝒀𝒊𝒊│θ)
𝒏𝒏

𝒊𝒊=𝟏𝟏

 

is called the likelihood and 
for a normal distribution 

𝑳𝑳 𝒀𝒀 θ =  �
𝟏𝟏
𝟐𝟐𝟐𝟐𝜎𝜎𝟐𝟐

𝒆𝒆𝒆𝒆𝒆𝒆
−(𝒀𝒀𝒊𝒊 − 𝜇𝜇)𝟐𝟐

𝟐𝟐𝜎𝜎𝟐𝟐

𝒏𝒏

𝒊𝒊=𝟏𝟏

 

which upon taken logarithms gives the log-likelihood function 

𝐥𝐥𝐥𝐥 [𝑳𝑳 𝜽𝜽 ] = −𝒏𝒏
𝟐𝟐
𝒍𝒍𝒏𝒏 𝟐𝟐𝟐𝟐 − 𝒏𝒏. 𝒍𝒍𝒏𝒏 𝜎𝜎𝟐𝟐 − 𝟏𝟏

𝟐𝟐𝜎𝜎𝟐𝟐
∑ (𝒀𝒀𝒊𝒊 − 𝜇𝜇)𝟐𝟐𝒏𝒏
𝒊𝒊=𝟏𝟏  



Maximum likelihood estimation 
 
• Maximize likelihood involves maximizing the likelihood 
 with respect to θ 
• Equivalent to minimizing –log-likelihood 
 
which gives 

𝜇𝜇 =
∑ 𝑌𝑌𝑖𝑖𝑛𝑛
𝑖𝑖=1
𝑛𝑛  

which is the same as least squares 

𝜎𝜎2 =
∑ (𝒀𝒀𝒊𝒊 − 𝜇𝜇)𝟐𝟐𝒏𝒏
𝒊𝒊=𝟏𝟏

𝑛𝑛  

Which is not (in least squares the denominator is (n-1)) and 
the maximum likelihood estimator is slightly biased but  
that is not important if n is large enough 



Maximum likelihood and modelling 
 
The method can be extended to a general model 
- either linear or nonlinear 

𝐥𝐥𝐥𝐥 [𝑳𝑳 𝜽𝜽 ] = −𝒏𝒏
𝟐𝟐
𝒍𝒍𝒏𝒏 𝟐𝟐𝟐𝟐 − 𝒏𝒏. 𝒍𝒍𝒏𝒏 𝜎𝜎𝟐𝟐 − 𝟏𝟏

𝟐𝟐𝜎𝜎𝟐𝟐
∑ (𝒀𝒀𝒊𝒊 − 𝒀𝒀�𝒊𝒊)𝟐𝟐𝒏𝒏
𝒊𝒊=𝟏𝟏  

where Ŷ is the model (f(x,θ)). 
 
The method has a number of advantages but in particular it  
allows the parameters of both the structural model and the 
variance model to be estimated simultaneously. 
 
Particularly important for population pharmacokinetics 



Final comments 
 
Residual plots are also appropriate for ML as 
goodness-of-fit criteria 
 
Likelihood ratio test 
 (-2LLr – (-2LLf)) ~ χ2(nparmf – nparmr) 
 
The corresponding  Akaike criteria for ML is 
 AIC = -2LL + 2p 
 
 
Recommended reading 
 
P.L. Bonate, ‘Pharmacokinetic-Pharmacodynamic 
Modelling and Simulation’, Springer 2006 
 
M. Davidian, D.M. Giltinan, ‘Nonlinear models for 
repeated measures data’, Chapman & Hall, 1995 
Both very technical but good 


	Slide Number 1
	Slide Number 2
	Slide Number 3
	Slide Number 4
	Slide Number 5
	Slide Number 6
	Slide Number 7
	Slide Number 8
	Slide Number 9
	Slide Number 10
	Slide Number 11
	Slide Number 12
	Slide Number 13

