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Several important statistical aspects of pharmacokinetic analyses by digital computer are dis- 
cussed. These include selection of appropriate equations, weighting of data, precision of parameter 
estimates, comparisons of parameters, analysis of Weighted residuals, and criteria useful in the 
selection of particular models. Data obtained after administration of isoniazid and isonicotinuric 
acid to man are analyzed to illustrate the usefulness of the discussed methods. 
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I N T R O D U C T I O N  

The recent literature contains many examples of analyses of pharmaco- 
kinetic data using digital electronic computers. Equations derived from 
appropriate models are generally fitted to experimentally determined blood 
and/or urinary excretion-time data. Nonlinear least-squares methods are 
customarily used to estimate parameter values, but frequently little or no 
attention is given to the statistical significance of these estimates. The 
intention of this paper is to present several important statistical aspects 
involved in the fitting of equations and the determination and interpreta- 
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tion of pharmacokinetic parameters. Data collected after administration 
of isoniazid and one of its metabolites, isonicotinuric acid, will be used to 
illustrate the utility of the methods discussed. 

THEORETICAL CONSIDERATIONS 

Assumptions of Fitting Equations 

Daniel and Wood (1) stated that a good method of fitting equations to 
data should, in addition to certain other properties, (a) use all relevant data, 
(b) have reasonable parsimony in the number of constants, (c) take into 
account the error in the data, (d) provide some measure of the precision of 
the parameter estimates, (e) be able to locate systematic deviations of 
data from the equations, and (f) provide some measure of how well the 
final equations will predict furore events. These authors also indicate that 
the use of the traditional method Of least squares assumes the following: 
(a) that the correct form of the equation is chosen; (b) that the data include 
a representative sample of the system; (c) that the data are statistically 
independent; (d) that the data have the same, although possibly unknown, 
variance; (e) that the independent variable (usually time in pharmaco- 
kinetic analyses) is known without error; and (f) that the uncontrolled 
error in the data is randomly distributed. When data do not have the same 
variance, the procedure of weighting each point inversely by its variance 
may be used. In nonlinear least-squares estimation, an additional require- 
ment is that initial estimates of parameters be avaiIable; if these estimates 
are not good, the estimates derived by standard iterative procedure will not 
converge on the best values. 

Selection of Equations 

Once data have been acquired on the time course of drug absorption 
and/or disposition, preliminary graphical analyses are typically initiated. 
Different plots of data are examined, and a preliminary model may be 
formulated. The model may then be used to derive equations to be fitted by 
the least-squares method using an appropriate computer program. Most 
frequently the computer applications to date have been to linear differential 
equations with constant coefficients or their integrated equations. Non- 
linear differential equations can be equally analyzed, but the unique details 
and problems encountered are outside the intended scope of this paper. 
The term "differential equation," in the context of this discussion, is not 
meant to include integrated rate expressions such as equation 6... 

A good example is provided in the pharmacokinetic analysis of sul- 
fonamides in rabbits by McMahon and O'Reilly (2). Both differential and 
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integrated equations derived from a two-compartment open model system 
with elimination occurring from the central compartment were fitted to 
blood level data. The program NONLIN (3) was used and both methods 
gave similar parameter estimates. Wagner and Patel (4) also used both 
differential and integrated equations in their pharmacokinetic analysis of 
ethyl alcohol elimination in human subjects; these investigators utilized 
the program NONLIN a n d  determined parameters of the Michaelis- 
Menten equation. 

While it is appropriate and sometimes desirable to fit differential 
equations to data, this approach will not be discussed here. However, the 
principles discussed herein are applicable to the fitting of such equations. 

For the purpose of illustration, consider the model in Fig. 1. A drug 
is introduced into the central compartment at a constant rate for a finite 
period of time. The drug distributes between two compartments and is 
simultaneously eliminated by urinary excretion from the central compart- 
ment; both distribution and excretion are first-order processes. The volume 
of the ith compartment is represented by V~, whereas Ci and A i reflect the 
concentration and amount, respectively. Appropriate equations were 
derived by the method of Benet (5): 

c ,  = Vll ~ _ - p ~  + #(# _ ~) j (1) 

~=�89 ~/~} (2) 

]3= �89 + k21+ k13 - [(k12 + k21+ k13)2 -4kxak21] 1/2} (3) 

O~fl = k21k13  (4) 

+ f l = k l 2 + k 2 1  +k13 (5) 

d A 3  _ kO [fl(k21 - ~)(1 - e~b)e-~' c~(k21 - #)(1 - eab)e -m ] 
dt  ~ -k2-~---f i )  + ke,(f l  - :O ] =k,3A,  (6) 

A3 = kOb + kO[ #(k2, - cO(l - e~b)e -~' c~(k2, -- f ) ( l  -- e'b)e - ` '  ] 
k-2 ~-~-# -- ~ " + k2-~-~---- # (7) 

k~ - A~ : ko[P(k2, - ~)(I - ~)~-~' ~(k~, - #)(l_s I 

While infusion is continuing, b = t and varies with time. When infusion 
ceases, b becomes a constant corresponding to the time infusion is stopped. 
If data on the time course of drug concentration in compartment 1 were 
available, equation 1 could appropriately be fitted. The minimum number 
of rate constants needed to define the system is three (an additional constant, 
V1, would have to be determined if the amounts of drug in compartments 
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ZERO-ORDER INPUT (k ~ 

( ~ 1 )  / k12 ", .~((2~~) 
CENTRAL ~-~ k21 

Fig. 1. Hypothetical model used to describe 
drug disposition. 

1 and 2 were to be converted to concentration). Several appropriate sub- 
routines could be written to estimate the parameters of the system. The 
microconstants k12, k21, and k13 could be determined, or, as one possible 
alternative, ~,/~, and k21 could be determined. In nonlinear least-squares 
fitting, the correlation between coefficients and exponents is important, 
and such correlations are often higher in the latter case than the former and 
hence may be less desirable. In the former case, equation 1 could be fitted 
to the data, provided that equations 2 and 3 were included in the subroutine. 

If only urinary excretion data were available, equation 6 could be 
used to determine the three parameters (V 1 may only be determined if C1 
or C2 data are available). In practice, one assumes dA3/dt is well approxi- 
mated by AA3/At at the midpoint of the urinary collection interval (6). 
Errors resultant from this assumption have been examined by Martin (7). 
Cumulative drug excreted in the urine is described by equation 7. It is not 
appropriate, however, to fit this equation to the data by the method of 
least squares. The calculation of the cumulative amount of drug excreted 
into the urine is such that the error associated with each point includes the 
errors associated with all previous points. As was noted previously, appli- 
cation of the standard method of least squares requires statistically inde- 
pendent data. Equation 8 is, therefore, also inappropriate for the fitting of 
urinary excretion data. The use of this type of equation, sometimes called 
a "sigma-minus" expression (7), has numerous other deficiencies (6,7). 
Mandel (8) provided an instructive example of some of the pitfalls encoun- 
tered when curves are fitted to data in which the error associated with each 
point includes the errors associated with all previous points. Mandel 
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utilized the original data obtained by Boyle in 1662 relating gas pressure 
to volume. The basic relationship, P V = K, was rearranged to yield 

1000 1000 
--  V (9) 

P K 

where P represents pressure, V the volume of the gas, and K a constant. The 
experimental procedure was such that there existed cumulative errors in 
the measurement of  the volumes. A plot of 1000/P vs. V made it appear 
that the data, instead of conforming to a straight line, lie actually on a curve. 
The curvature was not taken as an indication of the inadequacy of  Boyle's 
law, but rather was simply a consequence of the cumulative nature of  
errors. In conclusion, it is recommended that equations for rate of  excretion 
be used in the fitting of urinary excretion data. The preceding discussion 
would also be applicable to data on biliary and fecal excretion. 

W e i g h t i n g  of  D a t a  

In a nonweighted least-squares analysis, the following function is 
minimized: 

N 

. )2 (10) 
i=I 

where Yiob~ is the observed value of the ith measurement, yi .... is the cal- 
culated or fitted value of the ith measurement, and N is the number of data 
points. 

Daniel and Wood (1) have indicated that this method is statistically 
valid only when all observations in y have the same (though possibly un- 
known) variance. When observed values in Yi do not have the same variance, 
each point should be weighted inversely as its variance (9). If it is assumed 
that the variance in y~ is proportional to y~, an appropriate weighting 
factor is 1/y~ (10). This situation could occur experimentally if samples 
for analysis were diluted to the same concentration before assay. Each 
determination would then have approximately the same percent error 
(this assumes no errors in dilutions). If it is desired in the aforementioned 
example to have the sum of  weights equal the number of data points, the 
following weighting factor may be applied (11): 

1/y~ 
u X N (11) 
Z 1/Y 2 

i = l  

In the nonweighted analysis, the weights are actually equal to 1, and the 
sum of weights is also equal to the number of data points. Thus, by using 
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equation 11, there may exist at least some basis for commpar ison between 
weighted and nonweighted least-squares analyses. 

Weighting in accordance with the reciprocal of  the variance is by no 
means the only weighting scheme. 6 For  example, 1/y~ + 1/0.5 y2 has been 
used (12). Other alternatives have been suggested. Some recent approaches 
include the M I N Q U E  (minimum quadratic unbiased estimate) as developed 
for linear equations by C. R. Rao (13). Alternatively, one might model the 
Variance as a function of time in the same way that one models the mean as 
a function of  time. Whatever the choice, a simple test should be applied 
by fitting the model to the data with and without weighting or by use of  the 
plots of  residuals (weighted or unweighted) vs. the calculated value of the 
parameter  (see Fig. 4-7). 

Another  problem involved in the fitting is the possibility of  being caught 
in a local minimum in the estimates of  the parameter  values. The initial 
estimates and boundary values chosen for the parameters  are critical since 
they are the determinant factor for the final parameter  values as well as for 
precision of the parameter  estimates. Indeed, the only mathematical  assur- 
ance that one has, at this time, is that the final parameter  estimates will 
converge to the true estimate if  and only if  the initial estimates were suf- 
ficiently close to the true parameter  value. This is a property of  all nonlinear 
numerical methods, and no program or mathematical  procedure can be 
guaranteed to keep one out of  local minima. The only safe approach is to 
sample the permissible parameter  values and use them as various choices 
of  initial values or in some other way evaluate the sum of squares surface 
over a large region of the parameter  space. 

Other numerical problems arise, such as ill-conditioned matrices. Our 
plea is that the various packaged computer  routines for fitting pharmaco-  
kinetic data be thoroughly reviewed by those working in the area with the 
assistar~ce of individuals trained in numerical analyses to clarify how the 
particular program may or may not involve limitations which affect the 
fitting and the statistical analysis. 

Precision of  Parameter  Est imates  

Appropr ia te  equations (usually nonlinear regression functions) are 
generally fitted to data. Least-squares parameter  estimates as well as their 

6One of the reviewers pointed out that one need not necessarily assume y~ is proportional to y~. 
He reported that when sufficient data were available the relation came out to y4i/3, which is 
certainly closer to y~ than y2. It therefore may be useful to consider weighting to the reciprocal 
of y~. Whatever the weighting, a method such as the graphical ones suggested later must be 
used to assess its appropriateness. 
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"approximate"  or "asymptot ic"  standard deviations 7 are generally calcu- 
lated. Standard deviation (SD) may be calculated as follows (3,13) : 

SD = ( S  2 �9  1/2 (12) 

where SD is the standard deviation of the ith estimated parameter, S 2 is the 
sum of the weighted squared deviations divided by the degrees of freedom, 
and aii is the entry for the ith diagonal element in the matrix, A-1, where 
A is a matrix of  sums of  cross-products of certain partial derivatives. 

The parameter values as well as the true SD are evanescent values and 
difficult to capture. They are dependent on the selection of correct models, 
on the assumption that the data points are independent and are taken at 
proper intervals to describe the curve fully. For  example, fitting data which 
should be described by a two-compartmental  body model by a one-com- 
partmental body model cannot result in a good parameter estimate or a 
meaningful estimate of so. This is of course worsened by inappropriate 
selection of data points. Even with these criteria met, the asymptotic SD 
approaches the true SD only as the number of data points approaches 
infinity (15). Simulations (undertaken by R. M. E.) have indicated that it 
is not infrequent that this SD is two- to threefold different from the true SD, 
and that the estimate is more frequently underestimated than overestimated. 
This calculation assumes and requires independence of errors at each data 
point and is obviously dependent on the degrees of freedom no matter how 
good or bad the data are. When the SD is a large value relative to the estima- 
ted parameter, this indicates that any parameter estimate in a relatively 
large region of the parameter space gives about  equally good fit to the data (3). 
Hence the parameter may not be well determined. It should be strongly 
emphasized that this situation does not necessarily result from poor data; 
indeed, good data may result in an excellent computer  fit, but with large 
SDS. An excellent discussion of this difficulty in pharmacokinetic analysis 
may be found in the work of Westlake (16). 

A useful way of  examining a so is to have it expressed as a percent 
coefficient of variation (% CV) : 

SD 
% c v  • 100 (13) 

where Oi is the computer-estimated parameter. 
A confidence interval (CI) for a parameter estimate may be calculated, 

but this may be regarded as only approximate owing to the approximate 
nature of the SD. Such a CI is a measure of the precision of a parameter 

7The term "s tandard  deviation" or SD will be used throughout  this paper;  it is understood that 
this always refers to the approximate or asymptotic s tandard deviation of the parameters 
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estimate for the single study only. It may not be used to predict future para- 
meter estimates, even for the samesubject .  

Two frequently calculated confidence intervals are the univariate and 
support plane (3), respectively: 

0, + (t~,df~)(SD) (14) 

0 i ++ N/F(~,NP,df) X NP x (SD) 2 (15) 

where 0~ is the computer-estimated parameter, t is the Student t statistic, 
ct is the probability level, N is the number of data points, NP is the number 
of parameters estimated in the fitted equations, df is the degrees of freedom, 
equal to N -  NP, SD is the standard deviation of the parameter estimate, 
and F is derived from an F distribution table. For sample sizes larger than 
30, this statistic may be fairly well approximated (17) by an appropriate 
equation. When parameter estimates are reported, some measure of their 
precision should also be reported. Either SD, % CV, or CI would serve this 
purpose. 

Calculation of Standard Deviations 

As was discussed previously, equation 1 could appropriately be fitted 
to blood data; parameter estimates and SDS for ~, fl, k21, and V1 could 
consequently be determined by the computer program. The microconstants, 
k12 and k l 3, are determinable from equations 4 and 5, and their SDS may be 
estimated using the standard Taylor expansion expressed in the following 
general relationship (18) : 

(SDi) 2 = (FaSDa) 2 + (FbSDb) 2 q- (FcSDc) 2 + . . .  

+ 2(F, Fb Cov ,,b + FaFcCov,,r + FbFc, Covb,c...) (16) 

where Fis  the function defining the parameter; a, b, c . . .  are parameters and 
are functions of F; F, = ~3F/~?a, Fb = OF/Ob, Fc = ~?F/Oc . . . . .  evaluated at the 
computer-estimated values for a, b, c . . .  ; SDi is the standard deviation of 
the ith estimated parameter; and Covi,j is the covariance of the ith and j th 
parameters. For example, the standard deviation of k13 (see equation 4) 
would be calculated as follows: 

k13 = k~-1-1 

/~ ~ -~/~ 
F, - -  k 2 l  F~ - -  k21 EkE1 = k21 

2 
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+ , 

( ~ ) (Cov~,k2,) + ( -s (-k@~l ) (Cov~,k2, ) l (16a) 

The variance of kl 3 or (SDk13) 2 would then be evaluated by substituting the 
computer estimates of c~, fl, k21 and the appropriate SDS and covariances 
into equation 16a. The covariances are calculated by the computer and are 
printed out. 

Comparisons of Parameters 

Frequently it is desirable to compare values for a given parameter 
calculated from two different experiments. The experimental protocol, for 
example, may provide parameter values determined for a single subject on 
two separate occasions or for two different subjects. An appropriate t 
statistic may be used to test for statistical differences: 

t = [(SDijY ~ ) 2 1 1 / 2  (17) 

where 0~j is the computer-estimated /th parameter in study j, O~k is the 
computer-estimated ith parameter in study k, SD~j is the standard deviation 
of the ith estimated parameter from study j, and SDgk is the standard devia- 
tion of the ith computer-estimated parameter from study k. 

One might question whether the 0i s and O~k are uncorrelated. The t test 
depends on this, yet these parameter estimates can be regarded as un- 
correlated for programs based on adequate numerical methods. 

A null hypothesis is established: 0z s = 0~k (these are the true parameter 
values in the respective studies). The t statistic, derived from equation 17, 
may then be compared to a value of t determined from a statistics table 
[two-tail, P = 0.05, df = (number of data points in j th  study) + (number of 
data points in kth s t u d y ) -  NP s -NPk] .  The last two terms are the total 
number of parameters estimated from the computer-fitted equation(s). 
When the calculated t has a value less than that determined from a table, the 
null hypothesis is accepted at the 5 % level of significance. The application 
of the t test assumes that parameter estimates are normally distributed. 
Once again, absolute faith cannot be placed in the t test, because the SDS can 
be considerably underestimated. 

Selection of Equations to Describe the Data 

Excellent discussions on the philosophy, formulation, and testing of 
models have been presented by Berman (19), Berman et al. (20), and Nooney 
(21), and these aspects will be only briefly discussed here. The selection of a 
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pharmacokinetic model depends very much on the use for which it is in- 
tended. While there exist no absolute criteria regarding the selection of a 
model, two aims are generally sought (a) the scatter of observed data points 
about the theoretical curves should be randomly distributed, and (b) the 
sums of weighted squared deviations of the fitted equations should be 
reasonably minimal. Further, one should not minimize the importance of 
visual inspection of the fit. In pharmacokinetic analysis, equations with 
sums of exponentials are frequently fitted to data ; increasing the number of 
exponential terms in the fitted equation may have the effect of reducing the 
sum of the weighted squared deviations but at the same time may un- 
necessarily complicate the model. What is more important is that the 
equation provide a good interpretation of the experiment or add to the body 
of knowledge in that field. To test whether or not the weighted sums of 
squared deviations have been sufficiently reduced to justify fitting with 
additional parameters, the F ratio test may be used (8): 

 =(wssj-_wssk/x (: dLk t (1 8) wss  j  dfj-df ! 
where WSSj is the weighted sums of squared deviations obtained with the 
jth set of parameters, WSSk is the weighted sums of squared deviations 
obtained with the kth set of parameters, and df is degrees of freedom and is 
equal to the number of data points used to fit the curve(s) minus the number 
of parameters fitted (dfj > dfk). 

The calculated F may be compared to the critical value derived from a 
table [numerator has (dfj - dfk) degrees of freedom and denominator has 
dfk degrees of freedom; 5 % level of significance]. If the calculated F value is 
less than the value from the table, it may be concluded that the weighted 
sums of squared deviations are not significantly different. As in the t test, 
the 5 ~o level of significance is adopted. 

The second Criterion in the selection of a model is that the scatter o f  
the observed data about the theoretical curves be randomly distributed. 
Assuming proper weights have been used, systematic deviations of data 
from generated curves suggest that an improper model has been selected. 
The nature of scatter of experimental points about fitted curves may be 
investigated by the examination and analysis of residuals (1,22,23). An 
unweighted residual is defined by the following equation: 

unweightedt= observed/ t calculatedt [ 
(19) 

residual ] [ value ] - ~  value ] 

A weighted residual is given by 

weighted ~ { unweighted 1 
residual J = ~ residual ] x (weight)1/2 (20) 

where the weight, Wi, is frequently defined as Wi = 1/(Ci) 2. 
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It should be apparent that the sum of the squared weighted residuals is 
the quantity minimized in a least-squares analysis. An appropriate method 
to examine scatter is to plot (weighted residual) against (calculated value); 
alternatively, (weighted residual) may be plotted against time. To illustrate 
the method, weighted residuals were arbitrarily selected and a residual plot 
was constructed (Fig. 2). With the exception of the circled data, note the 
roughly equal scatter of (weighted residuals) for all values of (calculated 
value). Systematic deviations of data from fitted equations are revealed in 
these plots, and the nature of the deviation may suggest a remedy; the reader 
is referred to several excellent discussions (1,22,23). 

When there exists a fairly random distribution of weighted residuals, a 
cumulative distribution of weighted residuals plot may be useful (1). Cumula- 
tive frequency of weighted residuals is plotted on a probability scale against 
weighted residuals on a linear scale. Figure 3 shows such a cumulative 
frequency plot, where frequency is expressed as a percent of the total. 
Having calculated an average weighted residual, the absolute y-distance 
from the 16% to the 84~ point estimates two standard deviations of that 
average residual. Note that large weighted residuals (outliers) may readily 
be detected by this plot (the weighted residual at + 1.6 could not be pictured 
since it would have to be drawn at 100%). Of course, this procedure, while 
useful, is not infallible, and can lead to errors. The mean and standard 
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deviation of the weighted residuals provide a measure of  how well the data 
conform to the theoretical curves. 

When a fit to a model provides a satisfactory randomness of scatter and 
increasing the numbers of  parameters does not significantly reduce the 
sum of weighted squared deviations, the model may be considered "con- 
sistent" (19). Although a model is "consistent," it still may be "nonunique"  
or "ill-conditioned" (19). This condition exists when the amount  of infor- 
mation contained in the data is inadequate to define the model chosen. 
Thus more than one model can fit the data equally well; the  models are 
equally probable, and it is impossible on the basis of least-squares fit alone 
to choose between them. 

E XP ER IMENTAL P R O C E D U R E  

Isoniazid 

Isoniazid, an antituberculosis drug, was infused intravenously at a 
zero-order rate into human subject A ; the dose was 681 mg and the infusion 
lasted 5.40 men. Urine pH was maintained at 8.0 _+ 0.2 throughout  the study 
by oral administration of sodium bicarbonate. Isoniazid (INH), pyruvic 
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acid isonicotinoylhydrazone (INH-PA), e-ketoglutaric acid isonicotinoyl- 
hydrazone (INH-KA), acetylisoniazid (AclNH), isonicotinic acid (INA), and 
isonicotinuric acid (INU) were excreted in urine. The INH dose was quantita- 
tively excreted in urine as intact drug and metabolites. Whole blood INH 
concentrations were measured, and AcINH, INA, and INU were determined 
in urine samples collected at approximate 30-min intervals. INH, INH-PA, 
and INH-KA could not be determined individually in the urine, but the 
totals of these three compounds were determined. Details of the experi- 
mental procedure are reported elsewhere (24) and will be published at a 
later date. 

Isonicotinuric Acid 

Isonicotinuric acid, an INH metabolite, was infused intravenously at a 
zero-order rate into human subjects A and B (doses of t17 and 122 mg, 
respectively); the infusions lasted 60.0 min. Urine pH was maintained 
throughout the study at 8.0_+ 0.2 by oral administration of sodium bi- 
carbonate. Urine was collected at approximate 15-40 min intervals; the 
compound was quantitatively recovered intact. Details of the experimental 
procedure are reported elsewhere (24). 

RESULTS AND DISCUSSION 

Appropriate equations were fitted to the data by an IBM 360/50 digital 
computer using the program NONLIN (3). The computer printout reported 
parameter estimates, SDS, and covariances. The "variance-covariance 
matrix of estimates" on the printout of this particular program is actually 
the variances and covariances divided by S 2. These values therefore need 
to be multiplied by S 2 to obtain the variances and covariances. Once again, 
we recall the problem of underestimation of the SD. The results from these 
studies are presented to demonstrate the various statistical concepts and 
should not be constructed as being the finalized IHN disposition model. 
The pharmacokinetics of INH will be reported at a later date. 

Figure 1 illustrates the model from which equations for the disposition 
of INU were developed; equations 1-8 appropriately describe the model. 
Analysis of INU in the urine samples was accomplished by diluting each 
urine sample to approximately the same INU concentration. Thus the 
percent error in these determinations was approximately the same for all 
data. Accordingly, equation 11 was used to determine the weight for each 
data point. 

As was pointed out earlier, it is inappropriate to fit equation 7 or 8 
by the method of least squares. Nonetheless, these equations were fitted to 
the data to illustrate other consequences of their use. Initial estimates of 
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Table I. Parameter Estimates from INU Administra- 
tion Study in Subject A 

Parameter Parameter estimate (min-  1) ~o CV 

Fitting equation 6 (rate of excretion) 

c~ 0.0675 2.42 
fl 0.0114 1.73 
k21 0.0133 1.65 

Fitting equation 7 (cumulative amount excreted) 

c~ 0.0838 6.58 
fl 0.0138 16.3 
k21 0.0164 19.6 

Fitting equation 8 (sigma-minus) 

c~ 0.111 10.9 
fl 0.0184 4.73 
k21 0,0252 8.22 

the parameters were determined by appropriate graphical analysis (25). 
Table I summarizes some results obtained from fitting equations 6-8 to the 
data for subject A. Figures 4-7 illustrate weighted residual plots of the fitted 
equations, and Fig. 8 shows the fitted rate of excretion curve and data for 
subject A. The results summarized in Table I illustrate that parameters are 
more precisely estimated when the proper equation is fitted. The two 
incorrect equations fitted to the data lead to estimates of the parameters with 
greater variability of their CVs. Mandel (8) has a good discussion of this 
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Fig. 4. Weighted residual plot of cumulative excretion data from INU admini- 
stration study in subject A. 
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problem in linear least-squares analysis. Also of importance is the fact that 
parameter estimates determined by appropriate analysis may be considered 
more accurate tha.n those obtained by improper analysis. The residual 
plots further illustrate the deficiencies of fitting improper equationsl Figures 
4 and 5 reveal systematic scatter of data about the fitted curves when cumu- 
lative or sigma-minus data are used. Dotted lines are used to encircle weighted 
residuals which show systematic clustering. Figures 6 and 7 show weighted 

+ 240  

"~" Jr 160  

...,. 

4.80 

0 
�9 ~ 0 
X 

- - 8 0  

r, 

- - 1 6 0  

'~ - - 2 4 0  

�9 �9 
Q 

0 .5  1 .0  

Calc .  R a t e  of  E x c r e t i o n  ( m g . / m i n . )  
1.5 

Fig. 6. Weighted residual plot of rate of excretion data from INU admini- 
stration study in subject A (calculated rate of excretion is plotted on the 
x-axis). 
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Fig. 9. Rate of excretion of INU in subject B (INU 
was infused over a period of 60.0 min). 

residual plots for rate of excretion data. Comparison of the data plotted in 
Figs. 4-6 appears to support the contention that the rate of excretion 
equation offers the best alternative for the fitting of urinary excretion data. 

The rate of excretion equation was also fitted to the urinary data ob- 
tained after administration of INU to subject B. Figure 9 shows the fitted 
curve and data. A cursory examination of the scatter of the data points 

Table 11. Parameter Estimates from INU Administration Studies 

Parameter estimate (min - 1) 
! 

Parameter Subject A Subject B test ~ 

0.0675 (2.42) b 0.0473 (6.81) - 
(0.0625-0.0725) c (0.0380-0.0566) 

/3 0.0114 (1.73) 0.0129 (6.55) + 
(0.0108~).0120) (0.0105 0.0153) 

k2~ 0.0133 (t.65) 0.0158 (6.01) - 
(0.0126-0.0140) (0.0130-0.0186) 

k 12 0.00787 (4.04) 0.00579 (17.3) + 
(0.00690-0.00884) (0.00289-0.00869) 

k13 0.0577 (2.44) 0.0386 (6.30) - 
(0.0534-0,.0620) (0.0315-0.0457) 

aPositive sign indicates acceptance of the null hypothesis that the 
" t rue" parameters from the two subjects are equal ; negative sign 
indicates rejection (5~o level of  significance). 

bPercent coefficient of  variation indicated within parentheses. 
CApproximate 90~ confidence interval (support plane). 
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about  the fitted curve indicates satisfactory randomness  of  scatter. Table II  
summarizes data f rom the two subjects. Parameter  estimates of  k12 and k13 
were calculated from equations 4 and 5. The SDS and ~ CVs of these para- 
meters were estimated by applying equations 16 and 13, respectively. 
Confidence intervals (90 ~ )  were estimated by applying equation 15. The t 
test was used to compare  parameters  between subjects and suggests that 
not all parameters  are the same for the two subjects. While one may  not 
place absolute faith in the t test (because the SDS are approximate),  it does 
at least provide some basis for comparison.  

An alternative method of  determining the microscopic I N U  parameters  
for subject A was also tried. The rate of  excretion equation (equation 6) was 
fitted to the  data, but in this case the microscopic rate constants k12, k21, 
and k13 were iterated and directly estimated. It  was necessary to express 
and fl in terms of these constants, and equations 2 and 4 were therefore 
included in the computer  program subroutine. These parameter  and pre- 
cision estimates are compared  in Table I I I  with those previously obtained. 
It  should be noted that while the parameter  estimates remain unchanged, 
the SDS are different. Even for the parameter  k21, which was directly iterated 
in both fitting procedure s, the SDS reported on the computer  printout were 
different. These differences in the values for sos illustrate the approximate  
nature of  this precision estimate. It  is, of  course, also dependent on the model, 
data points, and parameters  being fitted. Nonetheless, in spite of  this 
shortcoming, when fitting equations to data, only the min imum number  of  
parameters  needed to describe the model should be iterated. For  the model 
in Fig. 1, a minimum of three parameters  is needed. The choice of  parameters  
for direct iteration resides with the investigator; the selection should be 
guided by the particular objectives of  the study. 

Table III. Microscopic Parameter Estimates for 
Subject A Determined Indirectly (from c~, fl, and k21) 

and Directly (see text for explanation) 

Parameter estimate (min- 1), 

Parameter Indirect method b Direct method c 

klz 0.00787 (4.04) 0.00787 (1.38) 
kzl 0.0133 (1.65) 0.0133 (3.29) 
k~a 0.0577 (2.44) 0.0577 (1.77) 

a~ CV indicated in parentheses. 
be, fl, and k21 were iterated by the computer; k12 and 
k13 were determined by equations 4 and 5, and their 
SDS were calculated by equation 16. 
Ck12 ,k21, and k13 were directly iterated by the com- 
puter. 
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F i g u r e  10 i l l u s t r a t e s  the  m o d e l  f r o m  w h i c h  e q u a t i o n s  fo r  t he  d i s p o s i t i o n  

o f  I N H  w e r e  d e v e l o p e d ;  u s i n g  t h e  m e t h o d  o f  B e n e t  (5),  t he  f o l l o w i n g  
e q u a t i o n s  w e r e  d e v e l o p e d  

k~ [ ( k z~ - -oO(1 - - e~b )e -= '  ( k 2 1 - - f l ) ( 1 - - e P b ) e  -~ ' ]  
c ,  = - g ( g -  - 

dA___~6 = f 1 4 ( 1  - f ~ 7 ) ~ f l T a k  ~ [ ( k 2 , -  ~)(k54_-- ~ ) ( l - -  e~_~b)e -~ '  

dt k21ks4  l ~(~ - fi)(~ - ~ - 6) ' 

(k21 - fl)(k54 - fl)(1 - e~b)e - ~ '  + 
/;(/~ - ~ ) ( / ;  - ~ ) ( / ;  - a )  

(k21 - T)(ks4 - 7)(1 - e~b)e - " 

?(7 - ~ ) ( 7  - - / ~ ) ( T  - -  6 )  

(k21 - ~i)(ks4 - c5)(1 - eab)e - a , |  

+ aTa-z a-- a--Ty 1 
_ _  = f l , , f , ,T f79af lY&~k ~ [ (k2~  - -  a)(k~ ~_ U_ G)(ks 7_ - -  ~ X [  - e ~ ) e  -~ '  

k z l k 5 4 k 8 7  [ a(ct - fl)(a - y)(a  - 6)(0: - r - ~) 

(k21 - f l ) (ks4 - f l ) (ks7 - fl)(1 - ee~)e - 8, + 
fi(/~ - ~ ) ( / ~  - ~,)(/~ - ~ ) ( / ~  - ~ ) ( /~  - ~) 

(k2~ - ? ) (ks4  - ~)(k87 - 7)(1 - e ~b)e- ~' 

~(~ - ~ ) ( ~  - / ; ) ( ~  - a ) ( ~  - ~ ) ( ~  - ~:) 

( k 2 ,  - a ) ( k s ~  - a ) ( k s ~  - a ) ( 1  - e a ~ ) e  - a ,  + 
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(k2 ,  - e)(ks,, - e)(ksv - e)( l  - e ~ ) e  -~ '  
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Fig. 10. Model used to describe INH disposition including zero-order input. 
With the exception of the zero-order input, arrows represent first-order 
processes. The existence of the pathway described by ki ~ is discussed in the 
text. 
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where b = t while infusion is continuing, and, when infusion ceases, b 
becomes a constant corresponding to the time infusion is stopped, k ~  
126.04 rag/rain (infusion stopped at 5.40 rain). 

The postinfusion INH blood level curve appeared to be biexponential. 
Consequently, a two-compartment body model for INH was formulated 
with metabolism and excretion occurring from the central compartment.  
Initially, only the INH blood data were utilized in the computer analysis, 
and equation 21 was fitted to the data. Table IV shows the estimated para- 
meters and ~o CVs. 

An attempt was next made to fit appropriate equations simultaneously 
to INH blood data and the AcINH and INA urine data (metabolite amounts 
were expressed in terms of their mg equivalent of INH). It was felt that 
fitting the appropriate equation to INU urine data would result in para- 
meter estimates with extremely large SDS. Since one could not place much 
confidence in such estimates, the INU data were not used in the computer 
analysis. 

Initially, the model shown in Fig. 10 was used with direct conversion 
of INH to INA presumed to occur. While this metabolic pathway has never 
been established for man, there is reason to infer that it does exist. The dog, 
an animal which does not acetylate INH, converts INH directly to INA (26). 
The values off13 and f79 were determined from urinary excretion data. 
However, values for fag and f47 could not be explicitly determined, and 
these were estimated as parameters by the computer program. A restriction 
that fx3 + f 1 4 +  ( 1 - f t 3 - f l 4 )  = 1 was imposed on the subroutine. The 
constants describing INH disposition (c~, fl, k21, and V1) were programmed 
as iteratable parameters, but their upper and lower limits were fixed at the 
initial estimates. These initial estimates were those shown in Table IV. 
Thus, with these limits set for estimates of the parameter values, the com- 
puter would not iterate; nevertheless, statistical data would be generated 
and reported. When this was not done and these constants were permitted 
to iterate, extremely poor  fits for INH blood curves associated with non- 
randomness of scatter sometimes resulted. While an alternative procedure 

Table IV. Pharmacokinetic Parameters Deter- 
mined by Computer Analysis of INH Blood 

Data 

Parameter Parameter estimate ~ CV 
(min- 1) 

0.195 16.9 
0.00354 2.21 

k21 0.0819 1.47 
Vt 20,492 (ml) 16.1 
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Table V. Parameter Estimates from the INH Administration Study, 
Assuming Direct Conversion of INH to INA 

Parameter Parameter estimate ~ CV 90~ CI 
(rain l) 

ct 0.195 127 -0.915-1.31 
/3 0.00354 40.7 -0.00291 0.00999 
k21 0.0819 143 -0 .442 0.606 
V1 20,492 (ml) - - ~  - -  

f14 0.296 27.8 -0.0724-0.664 
f47 0.139 188 -1.03-1.31 
;~ 0.0980 113 -0.394-0.590 
,5 0.00294 37.7 -0.00203-0.00791 
k54 0.0279 32.3 -0.0123-0.0681 
e 0.139 106 -0.524-0.802 

0.00611 120 -0.0266-0.0388 
k87 0.0180 87.5 - 0.0527-0.0887 

"Nondeterminable. 
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Fig. 11. INH blood levels and rates of excretion of 
AcINH, INA, and INU in subject A after a 5.40-min 
infusion of INH. INH was t~resumed to be metabolized 
directly to INA. Metabolites are expressed in terms of 
mg INH equivalent. 
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might have been to assign numerical values to these constants, such a 
procedure would not produce statistical data for the parameters. The 
estimated parameters and statistical data are presented in Table V. Theoreti- 
cal curves were generated using the estimated values of the parameters, 
and these are shown in Fig. 11. An examination of the scatter of data points 
about the fitted curves indicates satisfactory randomness of scatter. 

The first thing to be noted from Table V is the rather large values for 
% CVs. Comparison of the % CVs of INH parameters in Tables IV and V 
reveals that expanding the model to INH metabolites and fitting three 
curves simultaneously results in much greater % CVs. This indicates that 
the INH blood data reflect changes in these parameters more sensitively 
than the AcINH and INA urine curves. Intuitively, for example, one may 
recognize that changes in c~ would have little effect on the shape of the INA 
curve. As was pointed out earlier, the large % CVs indicate that parameter 
estimates in a relatively large region of parameter spaces give about an 
equally good fit to the data (3,16). 

Of major importance here is the recognition that parameter values are 
not well determined (16). This is exemplified by the extremely wide 90% 
confidence intervals. Examination of Fig. 11 reveals that the fit to the data is 
good. This indicates that the large % CVs arise as an inherent consequence 
of the model as well as the relative magnitudes of the parameters contained 
therein. Last, the large % CVs are not a reflection of the ability of the para- 
meter estimates to describe the experimental data; indeed, these estimates 
describe the data quite well. 

The model shown in Fig. 10 was varied inasmuch as direct conversion of 
INH to INA was presumed not to occur (i.e., klv = 0); under this assump- 
tion, values for f14 andf4v could be calculated from urinary excretion data. 
The appropriate equations were fitted simultaneously to the INH blood data 
and the AcINH and INA urine data (~, fl, kz l ,  and V~ were again held 
constant). The estimated parameters and statistical data are presented in 
Table VI. Theoretical curves were generated using the estimated values of 
the parameters, and these are shown in Fig. 12. An examination of the scatter 
of data points about the fitted curves indicates satisfactory randomness of 
scatter. 

The Ftest was used to compare the weighted sums of squared differences 
(WSS) between fits to models with and without the direct conversion of 
INH to INA presumed to occur. Results are summarized in Table VII, 
Since the least-squares fits were affected by all parameters being estimated 
as well as by the data on INH, AcINH, and INA, it was felt that the total 
sum of weighted squared deviations from all three curves should be analyzed 
by the F test. The calculated value of F is not significant at the 5 % level of 
significance, because 2.57 does not exceed the critical value of 3.16. Therefore, 
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Table VI. Parameter Estimates from the INH 
Adminis t ra t ion Study, Assuming  No Direct 

Conversion of INH to INA 

Parameter Parameter estimate ~o CV 
(min-  1) 

0.195 73.2 
0.00354 19.7 

k21 0.0819 65.5 
V1 20,492 (ml) o 
7 0.104 76.7 
6 0.00299 t 4.1 
k54 0.0281 28.1 
e 0.327 213 
c~ 0.0111 34.7 
k87 0.00485 20.6 

"Nondeterminable.  
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Fig. 12, INH blood levels and rates of  excretion of  
Ac lNH,  INA, and I N U  in subject A after a 5.40-min 
infusion of INH. INH was presumed not to be directly 
metabolized to INA. Metabolites are  expressed in terms 
of mg INH equivalent. 
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Table VII. Analysis of Total Weighted Sums of Squared 
Deviations by the F Test 

Total sum 
Number of Remaining of weighted 
parameters degrees of squared 
in model f reedom deviations 

Difference 

10 67 - 10 = 57 0.004524026 
12 67 - 12 = 55 0.004137509 

2 2 0.000386517 

0.000386517 55 
F=  • - -  : 2.57 

0.004137509 2 
F (5 % level of significance, 
numerator has 2 df, = 3.16 
denominator has 55 df) 

in t roduc ing  the direct I N H  to I N A  pa thway into the model  does no t  sig- 

nificantly improve  the weighted least-squares fit. This, however,  does 

little to resolve the quest ion as to whether  or no t  this direct I N H  to I N A  
pa thway does indeed exist in the system unde r  invest igat ion.  Thus  it may 

be concluded that  the a m o u n t  o f - in fo rmat ion  con ta ined  in the data  is in- 
adequate  to differentiate between the al ternat ives depicted in Fig. 10. 
The I N H  disposi t ion model  depicted in Fig. i0 must ,  therefore, be considered 

" n o n u n i q u e "  or " i l l -condi t ioned"  (19). Berman  (19) has suggested methods  

to cope with such compu ta t iona l  difficulties, bu t  these will not  be discussed 

here. Moreover ,  it should be poin ted  out  that  addi t iona l  experiments  could 
be conducted  which quite possibly could assist in resolving this quest ion.  
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